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RATE FUNCTIONS FOR SYMMETRIC MARKOV PROCESSES 

VIA HEAT KERNEL 

YUICHI SHIOZAWA JIAN WANG 


Abstract. By making full use of heat kernel estimates, we establish the integral 
tests on the zero-one laws of upper and lower bounds for the sample path ranges 
of symmetric Markov processes. In particular, these results concerning on upper 
rate bounds are applicable for local and non-local Dirichlet forms, while lower rate 
bounds are investigated in both subcritical setting and critical setting. 
Keywords: Upper (lower) rate function; heat kernel estimate 
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1. Introduction 

We are concerned with the sample path ranges of symmetric Markov processes 
generated by regular Dirichlet forms. In particular, we study the upper and lower 
bounds of the ranges for all sufficiently large time. Our purpose in this paper is to 
establish the integral tests on the zero-one laws of these bounds by making full use 
of heat kernel estimates. 


Let B = be the Brownian motion on starting from the origin. Kol¬ 

mogorov’s test (see, e.g., [24, 4.12]) says that, if g{t) is a positive function on (0, cxo) 
such that g{t) oo as t ^ oo, then 


( 1 . 1 ) 

according as 


P (^\Bt\ ^ \/tg{t) for all sufficiently large f j = 1 or 0 

t-oo 

/ -g{tYe~^^^"^^dt converges or not. 


The function \/tg{t) is called an upper rate function of B if the probability in (1.1) 
is 1. This function describes the forefront of the Brownian particles. On the other 
hand, Dvoretzky and Erdos’ test [11] (see also [24, 4.12]) says that for d ^ 3 (i.e., B 
is transient), if h{t) is a positive function on (0, cxd) such that h{t) \ 0 as t —?■ oo, 
then 


( 1 . 2 ) 

according as 


P (^\Bt\ ^ y/th{t) for all sufficiently large t j = 1 or 0 


h(t)“ ^ dt converges or not. 
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The function \/ih{t) is called a lower rate function of B if the probability in (1.2) is 
1. This function describes the rear front of the Brownian particles. Even for d = 2 
(i.e., B is recurrent and can not hit any point), the lower rate function describes 
how close a particle can go to the origin for all sufficiently large time. Spitzer’s test 
[32] says that if h{t) is a positive function on (0, cxd) such that h{t) \ 0 as t — ?■ oo, 
then (1.2) is valid if 

fOO ^ 

/ “t;- , , ' I dt converges or not. 

Ji t\ log h{t)\ 

These tests on the zero-one laws of rate functions are extended to symmetric 
diffusion processes (see [23, 2] for lower rate functions) and (symmetric) stable pro¬ 
cesses on (see [25] for upper rate functions, and [19, 26, 33, 35] for lower rate 
functions). The full heat kernel estimates are used especially for the proof of the 
zero-probability part. In this paper, we will get the zero-one laws of rate functions 
by developing the approach of the results as mentioned before. In particular, for the 
upper rate functions, we use a similar approach of Kim, Kumagai and Wang [27]. 

There are a number of results on the rate functions for more general symmetric 
Markov processes generated by regular Dirichlet forms. Grigor’yan and Kelbert [16] 
and Grigor’yan [14] characterized the upper and lower rate functions of the Brownian 
motion on a Riemannian manifold in terms of the volume growth rate (see also 
[2]). These results are refined and extended to Brownian motions on Riemannian 
manifolds and symmetric diffusion processes. In particular, Grigor’yan and Hsu 
[15], Hsu and Qin [20] and Ouyang [29] obtained upper rate functions in terms 
of the volume and coefficients growth rates. These results are further extended 
to symmetric Markov chains on weighted graphs ([21, 22]) and symmetric Markov 
processes with no killing inside ([30]). For the lower rate functions, the integral 
test by Grigor’yan ([14]) is also extended to symmetric Markov processes with no 
killing inside ([31]). Here we note that the full heat kernel estimates are not needed 
in general for the results as mentioned before; however, they are mainly concerned 
with the one-probability part. Moreover, in these papers we need to assnme that 
the distance function belongs locally to the domain of the Dirichlet forms, but such 
assumption does not hold for fractals. Our results in this paper hold for general 
metric measure spaces including fractals. It should be emphasized that our results 
are applicable to a class of symmetric /3-stable-hke processes with (3^2. 

The remainder of this paper is arranged as follows. In the next section, we re¬ 
call some analytic and probabilistic notions for the theory of Dirichlet forms and 
symmetric Hunt processes. Then, by fully using the heat kernel estimates, we will 
establish the integral tests on the zero-one laws of upper and lower bounds for the 
sample path ranges of symmetric Markov processes in Sections 3 and 4, respectively. 

2. Analytic and Probabilistic Notions 

2.1. Analytic notions. We recall the notions of Dirichlet forms by following [5] 
and [12]. Let {M,d) be a locally compact separable metric space, and /i be a 
positive Radon measure on M with full support. We write C{M) for the totality of 
continuous functions on M, and Cq{M) for that of continuous functions on M with 
compact support. Let (£,T) be a Dirichlet form on that is, (£,T) is a 
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closed Markovian symmetric form on We assnme that (£,3^) is regular^ 

i.e. 5’nC'o(M) is dense both in 5” with respect to the norm \/£7) and in Cq{M) with 
respect to the uniform norm. Here we define 

£i(m, u) = £(m, u) + wed", 

where ||m||lp(M;m) = (Jm \u\^ for all p e (1, oo). 

Throughout this paper, we assume that the Beurling-Deny decomposition of (£, T) 
(see [12, Theorem 3.2.1 and Lemma 4.5.4]) is given by 

£,{u,v) = 8,^^\u,v) + // {u{x) — u{y)){v{x) — v{y)) n{dx,dy) 

J J MxAf\diag 

for M, n e T n Co{M), where 

• T’nC'o(M)) is a symmetric form enjoying the strong local property (see 
[12, p.l20] for definition); 

• n is a symmetric positive Radon measure on M x M \ diag with diag = 
{{x,y) e M X M \ X = y}. 

We call n the jumping measure associated with (£,5”). We can extend £^^^ uniquely 
to T. Furthermore, for u G T, there exists a positive Radon measure on M such 
that 

£<“>(!■,«) = Ipy(M) 

(see [12, p.l23]). We call the local part of the energy measure of u. 

Let {Tt}t>o be a strongly continuous Markovian semigroup on associ¬ 
ated with (£,T). Then T* is extended to (see [12, p.56]). We say that 

{^t}t>o/(£, 3^) is conservative if 

Tfl = 1, /i-a.e. for any f > 0. 

Let ^ 

SJ= f TJds, feL\M-,p). 

Jo 

Here the integral is defined as the Bochner integral in L^(M;/i). We can then 
extend Tt and St on H Lf{M] p) to LJ{M]p) uniquely. Let L^{M;p) = 

{u G L^{M; p) \ u ^ 0, p-a.e.} and 

Gf = lim SnI, f e L\{M;p). 

V—>-oo 

We say that {Tt}t>o/ (£, 5”) is recurrent if 

Gf = 0 or oo, p-a.e. for any / G L^{M; p), 

and transient if 

Gf < oo, p-a.e. for any / G p). 

A /i-measurable set A C M is said to be [Tt-)invariant if Tt{lAf) = IaT)/, /i-a.e. 
for any / G L'^{M;p) and f > 0. We say that {Tt}t>o/(£, T) is irreducible if any 
invariant set A satisfies either p{A) = 0 or p{M \ A) = 0. Under the irreducible 
assumption, {Tt}t>o is recurrent or transient, see e.g. [12, Lemma 1.6.4]. 

Let Te be the totality of /i-measurable functions u on M such that |ii| < oo, /i-a.e. 
and there exists a sequence C T satisfying that lim„_j.ooMn = w, /i-a.e. on M 
and 

lim £(iiyi Ilm; Iln Ilm.) 0- 

m,n^oo 
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This sequence is called an approximating sequence of u. For any n G Tg and its 
approximating sequence {wn}, the limit 

8.{u,u) := lim 

n—>-cx) 

exists and does not depend on the choice of (see [12, Theorem 1.5.2]). (Tg, £) 
is called the extended Dirichlet space of (£, T) (see [12, p.41]). In particular, if (£, T) 
is transient, then Tg is complete with respect to £ (see [12, Lemma 1.5.5]). 

We next introduce the notion of capacity. In what follows, we assume that (£, T) 
is transient. Let 0 be the totality of open sets in M. For A E 0, define 

'^A = {u G Tg I M ^ 1, yU-a.e. on A} 


and 


Cap(o)(£l) 


inf„g£^ £(m,m), 

oo. La = 0. 


For any B C M, we define the (0-order) capacity by 

Cap(o)(5)=^Jnf^^Cap(o)(£l). 


We see from [12, p.74] that if Lb 7^ 0, then there exists a unique element e® E Lb 
such that 

Cap(„,(B) = £(eg>.eg'). 

The function e® is called the equilibrium potential of B. 

For A C M, a statement depending on x G A is said to hold q.e. on A if there 
exists a set 74 C A of zero capacity such that the statement holds for every x E y4\7sf. 
Here q.e. is an abbreviation for quasi everywhere. A function u G T is said to be 
quasi continuous if for any e > 0, there exists O G 0 with Cap(-g)(0) < e such that 
u\m\o is finite continuous, where m|m\o is the restriction of u on M \ O. It follows 
from [12, Theorem 2.1.7] that every u G Tg admits its quasi continuous /r-version u. 

We say that a positive Radon measure n on M is of (0-order) finite energy integral 
(n G in notation) if there exists a constant C > 0 such that 


[ I/I dp $ cyu/y) 

J M 


for any / G TTl Cq{M). 


Then any measure v E charges no set of zero capacity and associates a unique 
element Bn E Tg, which is called the (0-order) potential of /i, such that 


£,(Un,v) = / vdn for any u G Tg 

Jm 

(e.g. [12, p.85]). For any compact set K, there exists a unique measure E 
with supp[z/x] C K such that =Ui'k and 

C^^(,^AK) = ^(ef ,ef) ^ VAK) 

(0-order version of [12, Lemma 2.2.6]). The measure vk is called the (0-order) 
equilibrium measure of K. 
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2.2. Probabilistic notions. We write 23(M) for the family of all Borel measurable 
subsets of M. Let Ma = M U {A} be the one point compactihcation of M and 
B(Ma) = B(M) U {5 U {A} : 5 e 

Let X = C) be a /i-symmetric Hunt process on M generated 

by (£,3^), where C ;= inf{f ^ 0 | A* = A} is the life time of X. Then (£,T) is 
eonservative if and only if P^((' = oo) = 1 for q.e. a: G M (see [12, Example 4.5.1]). 
A set i? C M is called nearly Borel measurable, if for any probability measure u on 
Ma, there exist Hi, B 2 G ®(Ma) such that Bi C B C B 2 and 

P^(At G H 2 \ Hi for some t ^ 0) = 0. 

We say that a set !N C M is properly exceptional, if 3\f is nearly Borel measurable 
such that m(!N) = 0 and M \ is X-invariant, that is, 

P^(At G (M \ N)a and Xt_ G (M \ A)a for any f > 0) = 1, x e M \X. 

Here (M\?sf)A = (M\ Af) U {A} and Xt- = lims-|-i A^. Note that, by [12, p.l53 and 
Theorem 4.2.1], any properly exceptional set Af satishes Cap(o)(N) = 0. 

Let P{t, X, dy) be the transition function of A given by 

P{t, x,A) = F^{Xte A), X e M, t^O, Ae B(M). 

We now impose the following assumption on A. 

Assumption 2.1. (Absolute continuity) There are a properly exceptional Borel 
set l\f C M and a nonnegative symmetric kernel p{t, x, y) on (0, cxo) x (M \ Af) x 
(M \ N) sueh that P{t, x, dy) = pit, x, y) ^i{dy) and 


p{t + s,x,y) 


I M\N 


p{t,x,z)p{s,z,y) n{dz). 


x,y E M \ 'X, t,s > 0. 


This kernel is called the heat kernel associated with A. 


If there exists a positive left continuous function '0(f) on (0, 00 ) such that 


l|Tt/]U ^ 


1 


0(f) 

then Assumption 2.1 holds with 
p{t,x,y) 0 


0 (f) 


1 for any / G L^{M; p) and f > 0, 


for x,y E M \ 'N and f > 0 


(see [1, Theorem 3.1]). Under Assumption 2.1, we dehne p(t,x,v) = 0 for ix,v) ^ 
(M \ N) X (M \ N) and f > 0, so that 

p{t + s,x,y)= p{t,x,z)p{s,z,y) p{dz), x,yEM,t,s>0. 

J M 

For more details see [18, Section 2.2]. 

Remark 2.2. As we noted in [31, Remark 2.5], (£,T) is transient, if 


/ sup p{t, x, y) dt < 00 for any x E M. 

1 1 yeM 
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Here we also note that (£,3^) is irreducible, if p{t,x,y) is strictly positive for any 
{x, y) G (M \ K) X (M \ K) and f > 0. Moreover, the irreducible Dirichlet form 
(S,?”) is recurrent, if 


( 2 , 1 ) 


pit, X, y) dt = oo for any x,y E M \ 'N. 


In fact, let be the set of bounded measurable functions on M. If H C M is 

an invariant set, then for any / G L^(M; p) fl 

TtilAf)ix) = [ pit,x,y)fiy) pidy) = 0, m-a.e. on M \ A. 

Ja 

By taking / with / > 0, p-a.e. on M in the equality above, we get p{A) = 0 or 
piM \ H) = 0, which means that (£, 5”) is irreducible. Since for any / G L^(M; p) fl 
Bf,iM) with / ^ 0 , 


Gf = / Ttf df, m-a.e. on M 

Jo 


and 


/ TJix)dt = 

10 Jo 


p{t,x,y)fiy) pidy) dt 


pit,x,y) dtj fiy)pidy), 
(2.1) implies that the irreducible Dirichlet form (£,3^) is recurrent. 


'M 

noo 


Additional Notations. For all a: G M and r > 0, i?(x, r) = {y E M \ diy, x) < r}. 
For any two positive measurable functions / and g, f g means that there is a 
constant c > 1 such that c~^f ^ g ^ cf, and f ^ g (resp. f ^ g) means that there 
is a constant c > 0 such that f ^ eg (resp. / ^ eg). 

3. Upper Rate Functions 

Throughout this section, we impose Assumption 2.1 on X. 

Theorem 3.1. (1) Let p satisfy that /i(R(x,r)) < V{r) for all x E M and 

r > 0, and let the heat kernel p{t,x,y) satisfy the following upper bound 
estimate: 


(3.1) 


pit,x,y) ^ 


C 


-h 


dix,y) 


(3.2) 


(3.3) 


V piJ) 

for all t ^ 1 and p-almost all x,y E M with d{x,y) ^ p{t). Here p and V 
are increasing functions on ( 0 ,cx)), and h is a decreasing function on ( 0 , exo) 
such that 

U( 2 r) ^ cU(r), r > 0 

and 

h{9r) ^ Coh(r), r > 1 

with some constants c > 0, Cq E (0,1) and 6 > 1. If there is an increasing 
function p on ( 1 , cx)) such that for some £ > 0 , 


t \2pi2il + e)t) 


dt < oo, 
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then for ^-almost all x G M, 

(3.4) P^((i(Xs,a;) ^ (p{s) for all sufficient large s) = 1. 

(2) Let /i satisfy that fi{B{x,r)) > V{r) for all x E M and r > 0, and let the 
heat kernel p{t, x, y) satisfy the following lower bound estimate: 


p{t,x,y) ^ 


C 


-h 


d{x,y) 

pit) 


V{d{x,y)) 

for all t ^ 1 and p-almost all x,y E M with d{x,y) ^ pit)- Here p and V 
are increasing functions on (0,oo), and h is a decreasing function on (0, cxd) 
such that 


(3,6) 

(3.6) 

(3.7) 


.Ry. ^ vm 


\r J 


V{r) ’ 


0 < r < R < oo 


and 


Coh{2r) ^ h{r), r > 1 

for some constants ci,di > 0 and Cq > 1. If there is an increasing function 
if on (1,cxd) such that 


then for p-almost all x E M, 

F^{d{Xs,x) ^ (p{s) for all sufficient large s) = 0. 

The function (^(s) satisfying (3.4) is called the upper rate function of X. 

Proof of Theorem 3.1. Our approach here is similar to that in [27, Section 3]. 

(1) Let us first check that there exists a constant ci > 0 such that for /i-almost 
all X E M, r > 0 and t ^ 1, 

^ r 


(3.8) 


P‘(d{X„x);}r) = 


I B{x,rp 


pit, X, z) pidz) ^ cih 


pit) 


If r ^ p{t), then we hnd by the decreasing property of h that (3.8) holds with 
Cl = Next, we suppose that r > p(t). According to (3.1), for all f ^ 1 and 
almost all x,z E M with d{x, z) ^ s > pit), 


pit,x,z) ^ 


C 


■h 


Vis) \p{t) 

Then, for all f ^ 1, r > p{t) and /x-almost all x E M, 

n OO n 

/ pit,x,z) p{dz) 

J B{x,rY k=ndx> 


k=0 JB{x,e^+^r)\B(x,e'^r) 
Qkr 


pit, X, z) pidz) 




h 


k=0 


Vf^r) \pif) 


I/(0^+^r 


^ Cgh 
^ cfil 


r 

pit)) 

r 

pit) 


\ OO 


fc =0 
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where in the third inequality we have used the assumption on V and (3.2). 
Now, let 

TB(x,r) = inf |t > 0 : Xi ^ 5(a:,r)|. 

Then 


P''(TB(x,r) ^t) ^ P''(TB(x,r) ^ t,d{X 2 t,x) ^ r/2) +F^{d{X 2 t,x) ^ r/2). 
We have, by (3.8), 

r 


P"(d(X2t,x) ^r/2) ^cih 


2p{2t) 


By (3.8) and the strong Markov property of X, for /i-almost all x G M, t ^ 1 and 
r > 0, 

P''(TB{x,r) < t,d{X2ux) ^ r/2^ ^ t,d{X2t,Xrg^^^^^) ^ r/2^ 

^ sup F''{d{X 2 t-s,z) ^ r/2) 

s^t^d{z,x)^r 

^ sup Cih 


^Cih 


i^t,d(z,x)^r \2p(2t s) 

r 


2p{2t) J ’ 

where the last inequality follows from the monotonicity conditions on p and h. Hence 

r 


P''{TB(x,r) <t) ^ 2cih 


2p{2t) J ■ 

In particular, setting = (1 + we have for all k ^ 2, 
F^{d{Xs,x) ^</3(s) for some s G (4-1,4]) 


^P"^ I sup d{Xs,x) ^ (^(4-i) ^ ^ 4) 

<2 c,A ( fXA) = 2c,A ( __I 

' \2p(2tt)) ‘ V2p(2(l+c)4-2)y' 

This, along with (3.3) and the Borel-Cantelli lemma, yields the hrst desired assertion. 
(2) We replace 95(4f) with (p{t) in the proof. First, choose tq ^ 2 such that 
< Cl, where di and Ci are constants given in (3.5). By (3.5) and (3.6), there 
exists a constant Cq G (0,1) such that for any s ^ p{t), we have 


h 


Iv^syir) \pit) 


00 « 

dl/(r) = ^ / 

7._r, J n 


^ h( dl/(r) 


[r§s,rg+N) Vir) \p{t) 


k=0 

^ H(rg+^g) -Vjr^s) / 

- H(ro"+'s) V Pit) 


k=0 


^ 1 - 




'idC i.o 


fc+1 
^_0_^ 

pit) 


^ C2h 


pit)) 


\ 00 

)E' 


l-h/C 


k=0 
















RATE FUNCTIONS FOR SYMMETRIC MARKOV PROCESSES 


9 


= : Csh 


which shows that 


(3.9) 


inf 


-h 


pit)) ’ 


(iV{r) ^ 03 / 1 ( 1 ) > 0. 


Jr^p(t)Vir) VpW. 

For any /c ^ 1, set = 2^ and 

Bk = {d(X2.+i,X2.) ^ p{2^)]. 

Then for every x G M \ l\f and /c ^ 1, by the Markov property, 

inf p{2'^)) 

zSMVN V / 


^C4 


h 


'r^2v3(2'=-l)Vp(2'') yi'f') Vp(2^) 


df/(r). 


If there exist infinitely many k ^ 1 snch that 2p{2^ ^) ^ p(2^), then, by (3.9), 
for snch k ^ 1, 


^C4 


r^p{2>‘)V{r) Vp( 2 ^) 


^C 4 inf 


h 


^^^Jr^pipyir) \pit) 


dP(r) 


dP(r) =: C 5 > 0 


and so 
(3.10) 




= oo- 


k=l 


On the other hand, if there is /cq ^ 1 such that 2p{2^ ^) > p(2^) for all k ^ /cq, then 


P"(fifc|^iJ ^ C4 


h 


r^2(p(2'=-l) 1 ^(f) \p{2^) 


dV (r) ^ c^h 


2p{2 


fc-l^ 


p( 2 ^) 


Therefore, by (3.7) and the second Borel-Cantelli lemma, P®(limsupi?n) = 1. This 
implies that for infinitely many k ^ 1, 


2k+l 


or 


In particular. 


d(X2.+i,a;) ^ -i2p{2^-^)Vpi2^))^p 


d{X2,,x)^-{2p{2^-^)Wp{2’^))^p 


, d(Xt,x) , diXok.x) 

hmsup ^ ^ hmsup ^ ^ 1, 

t^oo ‘Pvi) ‘PIt) 


which yields the desired assertion. 


□ 


At the end of this section, we present two typical examples as applications of 
Theorem 3.1. 
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Example 3.2. (1) (Non-local Dirichlet forms) Let V{r) = r", p{t) = t^!^ 

and h{s) = s~^ with a,f3>0. Suppose that the heat kernel p{t,x,y) satisfies 
the following estimate: there is a constant c > 0 such that for almost all 
x,y E M and t ^ 1 with d{x, y) ^ t^^^, 


(3.11) 


p(t,a;,i/)xr“/^ 



d{x,y) 

tV/3 


' ^ _ I t 

t«//3 d{x, 1 /)"+^' 


Then, we have the following two statements: 

(i) If there is an increasing function (p on (1, cxo) such that 

p{t)~^ dt < oo, 

then for p-almost all x G M , 



¥^{d{Xs,x) ^ (p{s) for all sufficient large s) = 1. 
(ii) If there is an increasing function ip on (l,cxo) such that 

p(t)~^ dt = oo, 

then for p-almost all x G M , 

F^{d{Xs,x) ^ (^(s) for all sufficient large s) = 0. 



Conseguently, for any constant c > 0, the function 


is an upper rate function of X, if and only if e > d. 

Let .1 {x, y) be a positive and symmetric measurable function on M x M\ 
diag such that 


J{x,y) 


1 

d{x, y)°‘~^h 


for any {x,y) E M x M \ diag, 


and let p satisfy that p{B{x,r)) x r" for any x E M and r > 0. We see 
from [6, 7] that, if 0 < /9 < 2 and the Dirichlet form (£, 5”) is given by 


L{u,v)= // {u{x)-u{y)){v{x)-v{y))J{x,y)p{dx)p{dy), 

J J MxM\diag 

3” = {n G p) I £(m, u) < cxo} , 


then the associated heat kernel satisfies the condition (3.11), and the state¬ 
ments (i), (ii) hold. Here we emphasize that these assertions are valid even 
for ^ 2 if we consider a class of subordinated fractional diffusion processes 
(see, e.g., [28, 4]). 

(2) (Local Dirichlet forms) Assume that V{r) = r°‘, p{t) = and h{s) = 
exp(— with a,co > 0 and fi > 1. Suppose that the heat kernel 
p{t, X, y) satisfies the following estimate: there exists a constant c > 0 such 
that for almost x,y E M and t ^ 1 with d{x, y) ^ 

(3.12) 


Then, we have 
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(i) For any 7] > and for ja-almost all x G M, 

P"* (^d{Xs,x) ^ (log log s) for all sufficient large sj = 1. 

(ii) For any g < 2“^“^/^Cq and for fx-almost all x G M, 

(^d{Xs,x) ^ loglog(s/4))*'^ for all sufficient large sj = 0. 


By the condition (3.12), we can get that for almost any x,y E M, t ^ 1 with 
d{x,y) ^ and any constant e > 0, 


Cl 


d{x,yy 


exp -Co 


d{x,y)\ 

F/P I 


/5/(/3-l)' 


F:P{t,x,y) 


< 


C2 


d{x,yy 


■exp -(co-e) 


d{x,y)\ 

FF J 


/3/(/3-l)' 


where ci,C 2 = C2{(y,f3,e) are some positive constants. Then, the desired statement 
follows from Theorem 3.1 and the estimate above. 


4. Lower Rate Functions 

In this section, we assnme that the heat kernel p{t, x, y) satishes the following 
two-sided estimate: for p-almost all x,y E M and f > 0, 

(4,1) p ( t , x , y ) X A v ( d { x , y )) 4 >{ d {^, y ))) ’ 

where V and f are increasing fnnctions snch that there exist constants Ci,di > 0 
{i = 1, 2, 3,4) satisfying 


(4,2) 

-( 7 ) 

<^1 V(R) 

^ ^ ^ C 2 ( ) , 0 < r < R < 00 

V[r) \r / 

and 



(4,3) 


d>{R) f R\‘^i „ 

) ^ ~rrT ^C 4 ( —) , 0 <r<i?<oo. 

/ 0(r) V r / 


Remark 4.1. Under the setting above, the heat kernel estimate (4.1) indeed holds 
for all x,y E M and f > 0, i.e. !N = 0. We also have for all x G M and r > 0, 

p{B{x,r)) X V{r). 

See [27, Section 2]. 

On the other hand, nnder the setting in this section we have the following state¬ 
ment for heat kernels. 

Lemma 4.2. For all x,y, z E M and t > 0 with d{x, y) F, (f)~^{t), 

p{t,x,z) ^p{t,y,z). 

Proof. We hrst assnme that d{x,z) ^ ami d{y,z) ^ (j)~^{t). Then (4.1) 

implies that 

p{t,x,z)^p(t,y,z)=<yXp^^. 
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We next assume that d{x,z) ^ (j) and d{y,z) ^(t). Since 

d{y, z) ^ d{y, x) + d{x, z) ^ 
we have, by (4.1), (4.2) and (4.3), 

t 1 


p{t,y,z) 


p{t,x,z). 


V{d{y,zmd{y,z)) V{<p-^it)) 

This relation is valid even if d{x, z) ^ and d{y, z) ^ We finally assume 

that d{x,z) ^ and d{y,z) ^ Then 

d{y, z) ^ d{y, x) + d{x, z) ^ 0~^(^) + d{x, z) ^ 2d{x, z). 

By interchanging x and y, we get d{x,z) x d{y,z). Hence, by (4.1), (4.2) and (4.3), 

t t 


p{t,x,z) 


p{t,y,z). 


V(d(x, z))(/>(d(x, z)) V(d(y, z))(/)(d(y, z)) 

Therefore, the proof is complete. □ 

4.1. Subcritical case. In this subsection, we impose the following assumption; 
Assumption 4.3. (i) The constants di {i = 1, 4) in (4.2) and (4.3) satisfy 

di > d^. 

(ii) For any x ^ M and r > 0, B{x,r) is relatively compact in M. 

Our main result in this subsection is as follows: 

Theorem 4.4. Let Assumption 4.3 hold. Let g{t) be a strictly positive function on 
(1, oo) such that g{t) \ 0 as t ^ oo. If the function ip{t) := (j)~^{t)g{t) satisfies 

V{p{t)) 

/ XT—TTTTTVx-rxTV dt < cxo (resp. =oo), 

then for all x G M, 

¥^{d{Xs,x) ^ <yc(s) for all sufficiently large s) = 1 [resp. = 0). 

We first present some consequences of Assumption 4.3 (i). 

Lemma 4.5. Linder Assumption A.3 (i), 

“ 1 . t 


(4.4) 


ds 


In particular, 

(i) the process X is transient. 

(ii) there is a constant c > 0 such that for any ri < r 2 , 


t > 0. 


(4,6) 


V{r2) V(ri)- 


Proof. For any f > 0, 

eOO 2 


1*00 2 


2H 


y{.y Ks)) 

dxjd/^ 


V{(t)-\2H)) 


<- 


Cl v{ct>-yt)) 


—2 


—k{d\/d4, — l) 


/c=0 
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where in the third equality we have used the fact that 


(4,6) 


r(r‘(r)) 

On the other hand, for any f > 0, 


V{(p-\R)) 


r ) 


>>21 


Jt v{y-ys)) 

We have proved (4.4). 
For all X G M, 


ds > 


ds ^ 


> 


, v{y-ys)) ^ v{ct>-y2t))-v{ct>-yt)y 


/ sup p(t, X, y) df < 

' 1 y&M 


h v{y-yt)) 

which along with Remark 2.2 yields the assertion (i). 
According to (4.4), for any ri < r 2 , 

1 


dt < oo. 


r_ 

which yields the assertion (ii). 


ds < c' 


1 


U(r,)y (<!>-'(»)) v(nr 


□ 


In the remainder of this subsection, we always assume that Assumption 4.3 holds. 
For any x,y ^ M, let u{x,y) be the Green function of the associated process X: 

poo 

u{x,y)= / p{t,x,y)dt. 

Jo 

Lemma 4.6. For any x,y ^ M, 


u{x,y) 


(l>{d{x,y)) 

V{d{x,y))' 


Proof. For any x,y G M, 

poo 

u{x,y)= / p{t,x,y)dt 


Jt^4>{d{x,y)) V{d{x,y))(j){d{x,y)) 
(j){d{x,y)) 


df + 


't'^(j>{d{x,y)) ^(0 (^)) 


dt 


□ 


V{d{x,y)y 

where in the last inequality we have used (4.4). 

For every compact set K of M, dehne 

ax = inf{f > 0 : G K}. 

If (£,R) is transient and Assumption 2.1 holds, then 

(4.7) R^{aK < oo) = / u{x,y) uxidy), /i-a.e. x G M, 

Jk 

where ux is the associated equilibrium measure of K. See [3, Chapter VI] or [31] for 
details. Using this with Lemma 4.6, we get the following lower bound of capacity. 
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Lemma 4.7. For any xq G M and r > 0, 


Cap(o)(5(xo,r)) > 


V{r) 


Proof. We first note that B{xo,r) is compact thanks to Assumption 4.3 (ii). Then, 
by the 0-order version of [12, Theorem 2.1.5 and Theorem 4.3.3]. 


< oo) = X e B{xo, r). 

Therefore, (4.7) implies that 
1 


ia{B{xo,r)) JB{xo,r) 

1 f 


u{y, z) fr{dy) 


fi{B{Xo,r)) JB[xo,r) JB(xQ,r) 

According to the equality above and Lemma 4.6, we find that 

/i(ij(Xo,r)) JB{xo,r) JB{xo,r) ^ fufl/, 


-2r 




^{B{xo,r)) Jo V{s) 

C30(r 


dl/(s) 


'B(xo,r) 


B{xo,r) 


(dz) 


where in the second and third inequalities we have used the facts that 


and 


/i(i?(a;,r)) X l/(r), x ^ M,r > 0 

r 0 ( 5 ) 


y(s 


respectively. Therefore, 


■ dV (s) X 0(f), f > 0, 


-AM 


Cap(„|(B(ii,, r)) ^ C3 


which completes the proof. 


□ 


Remark 4.8. (i) We can also get the upper bound of Cap(Q)(i?(a:o, r)), i.e. for any 
xo e M and r > 0, 

V{r) 


Cap(o)(R(xo,r)) < — 


To prove this, we adopt the following equivalent notion for the capacity. For any 
Borel sets B G A G M, define 


Cap(Q)(i?, A) = inf |£(m, m) : m G T, m|b = 1, ~ 

In particular, by the 0-order version of [12, Lemma 2.17], Cap(o)(R) = Cap(o)(i?, M). 
On the other hand, it is clear that 


Cap(o)(5(a;o,r)) ^ Cap(o)(R(a;o, r), R(a;o, 2r)). 
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Furthermore, according to [8], there exists a constant C 4 > 0 such that for all Xq G M 
and r > 0 , 

-- V (r) 

Cap(o)(5(a;o,r),5(xo,2r)) ^ 

which along with the inequality above yields the required upper bound. 

(ii) Under some strong conditions on the Dirichlet form, we can give another proof 
of Lemma 4.7 by following the argument of Fukushinia-Uemura in [13, Section 3]. 
Let J{x, y) be a positive and symmetric measurable function on M x M \ diag such 
that for some constants a,f3 > 0, 


J{x,y) 


1 

d(x, 1 /)"+^ 


for any {x,y) E M x M \ diag. 


and let ji satisfy that fi{B{x,r)) x r" for any x E M and r > 0. If the Dirichlet 
form (£, IF) is given by 


£( m , u )= // {u{x)-u{y)){v{x)-v{y))J{x,y) y.{dx) n{dy) 

J JMxM\diag 

J' = {u E /i) I £(m, u) < 00} , 

then as we mentioned in the remark below Example 3.2 (i). 


for any x,y E M and f > 0. We further assume that a > f3. Then, (£,T) is 
transient, and we have the Sobolev inequality 

for some constant U > 0 (see [10, Lemma 2.1.2 and Theorem 2.4.2] or [36, Theorem 
Ij). This inequality implies that 

CCap(o)(5(x,r)) ^ fi(B{x,r)Y^-^'>/^ x r“-^. 

Therefore, we get the assertion of Lemma 4.7. 


Next, we turn to consider the one-probability statement in Theorem 4.4. For any 
X E M and Borel set K, define 

'y^^KiA) = G A), 71 G ®(M). 

Since the trajectories of the process X are right continuous, for any closed set K, 
E K and 

(4.8) 1x,k{K) = E K for some t > 0). 

Following [17, Section 8.2], we get 

Lemma 4.9. For any closed set K C M, and for all x ^ K and y E K, 

(4.9) u{x,y)= / u{z,y)'y^^K{dz). 

Jk 

In particular, 

(4.10) V^iXtEK for some t>d) ^ 

m.i,,^Ku[z,y) 
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Proof. For any x ^ K and y & K, let 7ix,K{ds,dz) be the joint law of 
with the starting point Xq = x. Then, by the strong Markov property, 

a;, y) = W - ax, = j p{t - s, z, y) 7r^,K(ds, d^r). 

Integrating both sides with respect to t, we get that 


u{x,y) = 



'0 JKJO 
poo 



'0 JKJs 
poo 


pit - s, 2 ;, y) TTx,K{ds, dz) dt 

O 

pit - s, z, y) dt (ds, dz) 
u{z,y) -Kx^Kids.dz) 


Jo JK 

= / u{z,y)^x,K{dz), 


>K 


which proves the hrst assertion. The second one is a direct consequence of (4.8) and 
(4.9). □ 

Lemma 4.10. There exist constants ci,C 2 > 0 such that for any xo,x G M with 
d{x,xo) ^ r, 

V (r) (f){d{x, Xq) + r) 


Cl 


0(r) V{d{x,Xo) + r) 




(^d{Xt, Xq) ^ r for some t > O) 


^ C2 


V (r) (j){d{x, xo) — r) 


(j){r) V{d{x, Xq) — r) 

Proof. Since for any y G B{xo,r) 

d{x, y) ^ d{x, xo) - d(xo, y) ^ d(x, xq) - r, 
we have, by (4.5) and Lemma 4.6, that for any y G B{xQ,r) 

^ _ 0(d(x,i/)) ^ 0(d(x,xo)-r) 

~ 177 : 7 ?-:- 1 ' 

V{d{x,y)) V{d{x,Xo)-r) 

Similarly, we obtain for any y,z G B{xo, r), 

(l>{d{z,y)) ^ 0(2r) _ (j){r) 


u{z,y) 


V{d{z,y)) ~ V{2r) l/(r)' 


Hence the upper bound follows by applying (4.10) to K = B{xQ,r). 
For any x G M with d{x,Xo) ^ r, according to (4.7), 

P^((i(Xt, xo) ^ r for some t > 0) = < 00 ) 

= / _ 

J B{xo,r) 

> 


u{x,y)v^^{B{xo,r)). 

y&B(xo,r) 


On the one hand, in a similar way to (4.11), we have 

0(d(x,xo) +r) 

mf u{x,y) > -——. 

yeB{xo,r) V{d{x,Xo) +r) 
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On the other hand, by Lemma 4.7, 


i/^^(5(xo,r)) = Cap(o)(5(xo,r)) 


> 


V{r) 


Combining all the conclusions above, we complete the proof. □ 

In the following, we fix Xq E M and t, r > 0, and dehne 

Q{x,r,t) = P^((i(Xs, xo) ^ r for some s > t). 

Proposition 4.11. There exists a constant ci > 0 such that for x^xq G M with 
d{x, Xq) ^ r and for any t ^ (fir), 

^ yi'r) t 

Proof. By the Markov property, we have 

Q{x, r,t) = / F^{d{Xs, Xq) ^ r for some s > 0) F^iXt G dy) 

J M 

^ / F^{d{Xs,Xo) ^ r for some s > 0) F^{Xt G dy) 


' d{y,xo)-r'^<l)-^{t) 


+ 


+ 


P^(d(Xs,Xo) ^ r for some s > 0) F^iXt G dy) 


' r^d(y,xo)—r<(j) ^{t) 

f P^(d(Xs, xo) ^ r for some s > 0) F^iXt G di/) 


J d{y,XQ)—r<r 

=: Ii + I2 + h- 

For Ji, Lemma 4.10 implies that 


h ^ci 
^C2 
^C2 

^C3 

^C4 


(j)idiy,Xo) - r) 


Vjr) f 

(fir) Jdiy,xo)-r^<i>-((t) Vidiy,xo) -r) l/(d(a:, i/))0(d(a:, y)) 


h(d2/) 


0(s — r) 


Vjr) _ 

(fir) J<f>-Ht)+r P(s - r) l/(s - dix, xo))(fis - d(x, xq)) 


dl/(s) 


0(s) 


i/(r) 

W 4-hp+. Vis/2) Vis/2)fis/2) 
Vir) p 


dl/(s) 


(fir) V^is] 

Vir) t 


dl/(s) 


fir) Vif-^it))^ 
where the last inequality follows from the fact that 


(4.12) 




dV'(s) 


v(ty 


see the proof of (4.4). For I 2 , Lemma 4.10 also implies that 


h ^ci 


(fidiy,Xo) -r) 


Vjr) f _ 

(fir) Jr^d{y,xo)-r«j>-\t) Vidiy,Xo) -r) Vif-^it)) 


yidy) 


VC: 


Vir) 


ft) 


(fir) Vif-^it)) 


(fjs) 

Vis) 


dP(s + r) 
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V{r) t 
^ ® 0 (r) v{<t^-\t)y 

where in the last inequality we have used the fact that 

f ^^dl/(s + r) ^ C 70 (t), t ^ r > 0 . 

Jr V{S) 

For Is, we have 

h ^cs f e dy) =C8 f p{t,x,y) y{dy) 

Jd{y,xo)—r<r J d{y,xo)—r<r 

CgV{r) ^ V{r) t 

Combining all the estimates above, we prove the desired assertion. □ 

Remark 4.12. According to the proof above, it is easy to see that the statement 
of Proposition 4.11 still holds for 

Q*{x,r,t) := P'^((i(Xs, xo) ^ r for some s ^ t). 

Now we can present the 

Proof of the One-Probability Statement in Theorem 4.4. For any n ^ 0, set 

tn = 2”. Thanks to (4.3), (f)~^(tn+i) ^ ( 2 /c 3)^/'^3 0“^(t„). Then, by the fact that g(t) 
is strictly decreasing, we obtain 

Cp{s) = (j)~^{s)g{s) ^ ^ C(p~^ {tn)g (tn) = Cip{tn), S G (tn,^n+l]) 

where c = ( 2 / 03 )^^'^®. Next, for any n ^ 1, define 

An = {(i(Xs,Xo) ^ c~^ip{s) for some s G (tn, tn+l] } • 

Since g{t) —)■ 0 as f —)■ 00 , (p{t) ^ for t large enough. Therefore, according to 

Proposition 4.11, (4.2) and (4.3), for n ^ 1 large enough, 

P^(An) ^ P^ id{Xs,x) ^ p{tn) for some s > tn) < \\ 

<Pmtn)) V{(p ytn)) 

_ ^i}Pij'n)') ^n—1 

^ 0 ((^(tn)) V{(p-ytn))' 

Then, by this inequality, (4.5) and the fact that for all s G (tn-iAn], 

V9(s) = (j)~^{s)g{s) ^ (j)~^{tn-l)g{tn) > c'ip{tn) 
for some constant c' > 0 , we have 




n=l 


P(<^(fn)) tn tn—1 


< Cl 


V{p{t)) 




dt. 


Hence the Borel-Cantelli lemma yields that for all x G M, 

F^{d{Xs,x) ^ c~^(p{s) for all sufficient large s) = 1. 

Replacing c~^(p with y9, we finally arrive at the required assertion for the one- 
probability statement. □ 


We consider below the zero-probability statement in Theorem 4.4 for the lower 
rate function of the process X. 
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Proposition 4.13. There is a constant C 2 > 0 such that for any t ^ 0(r) and for 
any x,Xo ^ M with d{x, Xq) ^ r, 

^ Vir) t 
Q(r,r,t) ^ 

Proof. By the Markov property and Lemma 4.10, we have 

Q{x,r,t) = / F^{d{Xs,xo) ^ r for some s > 0) F^{Xt e dy) 

J M 


> Cl 


^ Cl 


4>{d{y,Xo) +r) 


t 


Vjr) r _ 

<Pir) Jd{y,xo)^ 24 >-\t) y{d{y,Xo) +r)V{d{x,y))(t){d{x,y)) 
Vir) r (l){d{y,Xo)+r) 

Jd{y,xo)^ 24 >-pt) y{d{y,Xo) + r) 


Tidy) 


X 


t 


> C2 


V{r) 


V(d(y, xo) + dix, Xo))(j)idiy, Xq) + d(a:, Xq)) 
t 


Tidy) 


dVis), 


Hr) y^is + r) 

where in the first ineqnality we have nsed the fact that 

dix, y) ^ diy, Xq) - dix, Xq) ^ - r > 

Since 4>~^it) ^ r, we have for any s ^ 20“^ (f), 

P(s + r) ^ Vis + (j)~\t)) ^ Vi3s/2) x Vis). 
Then, by this ineqnality and (4.12), 


Vir) 


dl/(s) 


> 


Vjr) 

Hr) 


t 


f°° t Vir) 

L-.(.) " WinVWr 


□ 


Hr) 020-1(4) 142(s + r) 

The proof is complete. 

Fnrthermore, for hxed Xq & M, t,r > 0 and 0 > 1, we dehne 

Rix,r,t,9) = P'^((i(Xs,xo) ^ r for some s G it,6t]). 

Corollary 4.14. There exist constants Ci,C 2 > 0 such that fort ^ 0(r), 0 ^ Ci and 
for X, Xo G M with d{x, xq) ^ r, 

Vir 


i?(x, r, t, 6) ^ C 2 - 


t 


Hr) Vif-^it))' 

Proof. By the dehnition, we have 

Rix, r, t, 9) = Qix, r, t) — Qix, r, 9t). 
This along with Propositions 4.11 and 4.13 yields that 


Rix, r, t, 9) ^ C 2 


Vir) 


t 


4,(r) r(r'(()) "''m v{^-^{et)y 

By nsing (4.6) and taking 9 > 1 snch that 

Cl j. /j. 1 


Vir) 


9t 
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(here cq > 0 is the constant cq in (4.6)), we arrive at that 


R{x, r, t, 6) ^ 


C 2 V(r) t 

T</>(r) v{ci>-\t)y 


The proof is complete. 


□ 


We need the following Borel-Cantelli lemma taken from [34, Lemma B], which is 
a simplihcation of [9, Theorem 1]. 

Lemma 4.15. Let {Ak)k^i he a sequence of events satisfying the following three 
conditions: 

i 

CXD 

Y^F{Ak) = oo. 

k=l 

(ii) 

P(hmsup74fc) = 0 or 1. 

(iii) There exist two constants Ci,C 2 > 0 with the following property, to each Aj 
there corresponds a set of events Aj.^, • • • , Aj^ belonging to {Ak\k^i such that 

S 

i=l 

and that for other Ai than Aj. (1 ^ i ^ s) which stands after Aj in the 
sequence (Afc)fc^i {viz. i > j), the inequality 

F{Aj n Ai) ^ C2F{Aj)F{Ai) 

holds. 

Then, infinity many events {Ak)kj,i occur with probability 1. 


The following result has been proved in [27, Theorem 2.10]. 

Lemma 4.16 (The Zero-One Law for Tail Events). Let p{t, x,y) satisfy (4.1) 
as above, and let A be a tail event. Then, either P^(y4) is 0 for all x or else it is 1 
for all X G M. 


Finally, we are in a position to present the 

Proof of the Zero-Probability Statement in Theorem 4.4. By (4.3) and the 
fact that g{t) — )■ 0 as f ^ cxd, we can without loss of generality assume that g{t) ^ 1 
and (p{t) ^ (j)~^{Kt) for all f > 0 and some constant k G (0,1). Let 6 > 1 he the 
constant in Corollary 4.14 such that 1 — 1/6 ^ k. Dehne 

An = {d(X„Xo)) ^ ccp(6^+^) for some s G [6^,6^+^]}, 

where c G (0,1) satishes that c0“^(6'"'+^) ^ 0“^(0"') for all n ^ 1. This implies that 
for any s G [6'"'+^, 

(4.13) y{9-+^) = <f-\9-+^)g{9-^^) ^ c<f-\9-+^)g{s) ^ c<f-\s)g{s) = cy{s). 

Then, according to Corollary 4.14 and (4.5), there is a constant cq > 0 such that 

OO OO 

^ p*(/i„) = Y. MO"*'), 0", 0) 

n=l n=l 
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V{ap{9^+^)) r 
^ 0(c93(0”+i)) V{(j)-^{e^)) 

V{cip{e^+^)) 0*^+2 _0rx+l 


^ Co 

n 
oo 


> 

r\j 


vMt)) 


dt. 


We define a sequence of stopping times by 

= inf {t e : d{Xt,Xo) ^ ap{e^+^)}, 

where inf 0 = oo. As mentioned above, we assume that (p{t) ^ (j)~^{Kt) for all f > 0. 
By the strong Markov property, for any i ^ j + 2, 

F^iAnA,) 

= F%aj ^ ^ 0 *+^) 

= (d(W, x) ^ c(^(0*+i) for some t G (0* - s, 0*+^ - s]) ; ^ 0^+^) 

^ {d{Xux) ^ c(/3(0*+^) for some t > 6^ - 0^+^) ; ^ 

^ F^Aj ^ 0^+1) sup (d(Xi, x) ^ c(/?(0*+^) for some t > 9^ - 9^+^) . 

d{z^x)^cip{63^^) 

Note that, for any G M, 

P^ [d{Xt,x) ^ c(p{9^~^^) for some t 9^ — 

_p{9^ - 9^+\z,y) p{dy) 


' B(x,ap{9'^+'^)) 


p{9^ — 9^~^^,z,y)F^{d{Xt,x) ^ cp{9^~''^) for some t > 0) p{dy). 


J B(x,c(^(0®+1)) 

Since for all i ^ j' + 2, 

0(c(/?(0*+^)) ^ (t){^{9A ^ ^ ^ 

we get from Lemma 4.2 that, if d{z,x) ^ cp{9^~^^), then 

P^ {d[Xt,x) ^ cp{9''^^) for some t ^ 9i _ 0i+i) 

X P^ {d{Xt, x) ^ cp{9^+^) for some t ^ 9^ - 9^+^) . 

On the other hand, also due to 

(j){cp{9^+^)) ^9^- 9^+\ i>j + 2, 

Proposition 4.11 and Remark 4.12 imply that 

P^ {d{Xt, x) ^ cp{9^+^) for some t ^ 9^ - 9^+^) ^ ^ ^ ~ 


< 


(j){cp{9^+A ViA^Oi - 9i+A 
V{p{9A 0" - 0^^^ 


Ap{ 9A V((p-^9i -9^+A' 

where the last inequality follows from (4.5) and (4.13). 
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Since 


we have 


v(<p-'(R)) ^, /fly""* 


i? ^ r > 0, 


V{r\0^ - 0^^^)) > c^v{r\e^)), t^j + 2, 

which along with Proposition 4.13 yields that there exists a constant C 2 > 0 snch 
that for all i ^ J + 2, 


P"(AnAi,) ^ c2P"(A)p"(41,). 

On the other hand, we always have 

V^{A^+inAj) ^ P^(Alj). 

Furthermore, according to Lemma 4.16, we have 

P(limsup74fc) = 0 or 1. 

Combining all the conclusions above with Lemma 4.15 and the fact that 
Ak C [d{Xs,XQ) ^ ip{s) for some s G (6*^, }, 

we prove the desired assertion. □ 


4.2. Critical Case. In this subsection, we consider lower rate functions under the 
following critical condition: 

Assumption 4.17. The constants di {i = 1,2, 3,4) in (4.2) and (4.3) satisfy 

di = d2 = d'i = di- 


Our main contribution in this part is 


Theorem 4.18. Let g{f) he a strictly positive function on (0, cxo) such that g{t) \ 0 
as t ^ oo. Under Assumption 4.17, if 

/ —- ---AtKoo iresp. = cxo), 

Ji t\^ogg{t)\ ^ ^ 

then the function (p{t) = (j)~^ {tg{t)) satisfies that for all xq G M, 

P®°(d(A 5 ,Xo) ^ y(s) for all sufficiently large s) = 1 {resp. = 0). 


Since Assumption 4.17 implies that X is recurrent and can not hit a point (see 
Proposition 4.24 below), the rate function in Theorem 4.18 describes how X comes 
close to the starting point for all sufficiently large time. Spitzer established in 
[31] an integral test on the zero-one law of the lower rate functions for the two- 
dimensional Brownian motion. Takeuchi and Watanabe [35] extended this test to 
the one-dimensional Cauchy process, and Khoshnevisan [26] also extended it to 
the direct product of stable processes. Theorem 4.18 is an extension of [31, 35] to 
symmetric Markov processes on general state spaces. According to Theorem 4.18, 
the function 


y(f) = 0 ^ 


( _ I _ 

Vexp((logt)(log logf)i+^) 


is a lower rate function for A, if and only if e > 0. 


£ ^ -1 
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To prove Theorem 4.18, we first follow the argument of Khoshnevisan [26] and 
obtain some key probability estimates. For any xq G M, r > 0 and 0 < a < 6, set 

<h(xo, r, a, h) = Xq) ^ r for some s G (a, 6]). 

Lemma 4.19. For any xq G M, r > 0 and 0 < a < 6, it holds that 

{d{Xu,xo) ^ r) du 


2/c 


b—a 


sup P^(d(X„,x) ^ 2r)) du 

d{x,xo)^r 


^ 4'(xo,r, a, 6) 


/f °P-°(d(X.,a;o) ^r) du 

\ d{x,XQ)^r / 




Proof. For any r > 0 and 6 > a > 0, dehne 

T = Tr,a,b = inf{s e {a,b] : d{Xs,Xo) ^ r}. 
Applying the strong Markov property at time T, we see that 




f*2b—a 


1 


{d(Au,a;o)^2r} 


f*2b—a 


du = 


F^°{d{Xu,xo) ^ 2r)du 


f*2b—a 


F^°{d{Xu,Xo) ^ 2r|T ^ b) P^°(T ^ b) du 


> 


inf F%d{Xu,x) ^ r) dn P^°(T ^ b). 

Iq fd{x,xo)^r 


That is, we have 


P^°(T ^ 6) ^ 


{C “ l{d(v„,xo)^2r} dn) 

J'q F^(d(Xu,x) ^ r)) dn’ 


which yields the upper bound. 

On the other hand, using the Markov property, 

rb N 2 

( / l{d(x„,xo)«;r} du 

‘b pu 


= 2W° 


< 



'a J a 
f*b pu 



l{d(A„,A„)<2r}l{d(A„,a:o)<r} du du 


b pu 


^ 2 



'a u a 
r-6 


P'^°(d(A'„, xo) ^ r) sup F^{d{Xu-v,x) ^ 2r)dndM 

d(x,xo)^r 


^ 2 / F=^°{d{Xu,Xo) ^ r)du 


= 2E^° / 1 


4d(Vu,xo)<r} 


dn 


/ sup P'^(d(A'u, x) ^ 2r) du 

'0 d{x,xo)^r 

pb—a 

/ sup P'^((i(X„, x) ^ 2r) dn. 

'0 d{x^XQ)^r 





24 


YUICHI SHIOZAWA JIAN WANG 


According to the Cauchy-Schwarz inequality, 
-6 


E""” l{rf(x„,xo)=£r}dM;T ^ 


Hence, by these inequalities above, we arrive at 

i-b 

E'^'^ ( / l{rf(x„,xo)iSr} d-U 


^\/2WE*o ( / 1 


4rf(A„,xo)^r} 


du 


f^b—a 


/ sup F^{d{Xu,x) ^2r) du 

fo d{x,xo)^r 


X ^P^o(T ^ 6 ). 


Therefore, 


P^“(T ^ 6) ^ 


(l''lMx„,xo)=sr} du) 


2/o “ (suprf(^,^Q)^^P^(d(X„,x) ^2r)) dn 

This completes the proof. 

Lemma 4.20. For any r, t > 0 and for all x G M, 

V{r) 


F^{d{Xt,x) ^ r) X 1 A 
Proof. The conclusion directly follows from 


v{<p-mr 


F^{d{Xt, x) ^r)= / p{t, X, y) p{dy) 

J d{y^x)^r 

and (4.1). 

Remark 4.21. Under (4.2) and (4.3), Assumption 4.17 implies that 

V(r) X <f(r) X r'^b 

and thus 

/•/3 1 

du 

Ja h(0-HM)) 

for any 0 < a < /3. 


— du = log f— 
u V a 


. V{ct>-\u)) 

Lemma 4.22. Let Assumption 4.17 hold. If (fir) — a, then 


F^°{d{Xs,Xo) ^ r for some s G (a, 6]) 


{(fir) - a)+ + (j){r) log 
0(r)|l + log 


P'^°((i(Xs, xo) ^ r for some s G {a,b]) 


> 


(0(r) - a)+ + 0(r) log 


0(r) |l + log(^ 


□ 


□ 


and 
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Proof. By Remark 4.21, 

f y-- 


raV<f>{r) i‘2b-a Y(^r'j 


((/)(r) - a)+ + R(r) log 
(0(r) - a)+ + 0(r) log 


2b — a 
a V (/)(r) 
2b — a 


and 

(4.14) 


r*b—a 


1 A 


V{r) 


/o V 

Hence, according to Lemmas 4.19 and 4.20, 
P'^°((i(Xs,a:o) ^ r for some s G (a, 6]) 


du X 0(r) s 1 + log 


a V (/)(r) 
b — a 


< 


(j){r 

(i toS 


W)' 


Jo “ (i v(,r>)) ) du 

(0(r) - a)+ + (f(r) log 


(/.(r)|l + log(^ 


We can get the lower bonnd by the same way. 


□ 


Remark 4.23. The statements of Lemma 4.22 still hold for 

xo) ^ r for some s E [a,b]). 

Proposition 4.24. Under Assumption 4.17, X is recurrent and can not hit any 
point from every starting point. 


Proof. In a similar way to Lemma 4.6, we get from Remark 4.21 that 

p{t, X, y) df = cx). 

Therefore, by Remark 2.2, X is recnrrent. 

If 0(r) ^ a, then Lemma 4.22 implies that 



P'^°((i(Ws, Xo) ^ r for some s E (a, 6]) < 


l°E (^) 

1+'“E {'m) 


Hence, by letting first r —)■ 0 and then a —?■ 0 and & —)■ cxd, we get 

P'^°(Ws = xq for some s > 0) = 0. 

On the other hand, by the Markov property and the fact that the heat kernel p{t, x, y) 
is strictly positive for any f > 0 and x,y E M, it holds that 

0 = P*°(X 5 = xq for some s > a) = (P^“(X,. = xq for some s > 0)) 


= / Pia,Xo,y)Fy{Xs 

J M 

and so we obtain 


Xq for some s > 0) y{dy), 


P'^(W = Xq for some s > 0) = 0 for /i-a.e. x E M. 
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This shows that 

= xq for some s > a) = [ p{a, x, y)F'^{Xs = xq for some s > 0) yu(d|/) = 0 

□ 


IM 


for any x G M. We thus complete the proof by letting a —?■ 0. 

Finally, we will present the 

Proof of Theorem 4:.1S. (i) (One-probability statement) For the simplification 
of the proof, we assume that g{t) ^1/2 for any t > 0. Let tn = 2” for n ^ 1. Since 

0(0 (^n+1^7(tn))) tn+lditn) ^ tj^+1 tjj. 

Lemma 4.22 shows that 

F'^°{d{Xs,XQ) ^ ip{s) for some s G (tn, Wi]) 

^ {d{Xs,Xo) ^ (j)~^ {tn+ig{tn)) for SOme S G (tn,tn+l]) 

^ loe-(j^) 1 1 


1 + log 


in-\-l in 




1 + log 


in+igd'n') 


log ^(tn)r 


Therefore, 


'^F^°{d{X„Xo) ^ (p(s) for some s G (tn,tn+i]) < 


n=l 


< 


tn tyi—l 
^ tn| log5'(tn)| 
1 


dt < oo. 


t|log^(t)| 

Hence, we finish the proof of the one-probability statement by the Borel-Cantelli 
lemma. 

(ii) (Zero-probability statement) In this part, we also assume that g{t) ^1/2 
for all t > 0. Let tn = 2" for n ^ 1. Define 

An = {d{Xs,Xo) ^ C(p(tn+l) for some S G [tn,tn+l]} , 

where c G (0,1) satisfies that c(p{tn+i) ^ (j)~^{tng{tn+i)) for all n ^ 1. Since this 
inequality implies that 

0(c(p(tn+l)) ^ tng(tn-\-l) ^ tn tn+1 tn, 
we have by Lemma 4.22, 

^n-l-1 tn 


P"°(4ln) > 


log 


tn 


> 


1 log- I 

Hence, in a similar way as in (i), we have 


5^P"°(4ln) 


> 


n=l 


t|log^(t)| 


iog^(tn+i)r 


dt = oo. 


Next, we define a sequence of stopping times {(Tn}n^i by 

(Tn = inf {t G [tn,tn+l] : d{Xt, Xq) ^ C(p(tn+l)}, 

where inf 0 = oo. By the strong Markov property, for any i ^ j -|- 2, 

P"(4i.nH,) 
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= P^(crj ^ ^ U+i) 

= {d{Xt, x) ^ C(^(tj+i) for some f G — s, tj+i — s]) ! cTj ^ ^i+i ) 

^ ^ ^i+i) sup P^ {d{Xt,x) ^ cv9(ti+i) for some f G [f* — fj+i,fj+i]) . 

For any G M, 

P^ {d{Xt,x) ^ c<p(fj+i) for some t e [U - fj+i,fj+i]) 

- tj+i, z, Zi) n{dzi) 


' B{x,c(p{ti +i)) 


+ 


p{ti -tj+i,Z,Zi) 


X P^^((i(Xs,a:) ^ ap{ti^i) for some s G (0,fi+i — U + tj+i]) p{dzi). 


Since c(p{tj+i) ^ — tj+i) for all z ^ j + 2, we find from Lemma 4.2 that for 

any z E M with d{z,x) ^ cip{tj+i), 


p{ti - tj+i, Z, Zi) X p{ti - tj+i, X, Zi) 


and so 


P"" {d{Xt,x) ^ ap{ti+i) for some t E [U - tj+i,ti+i]) 

X P* {d{Xt, x) ^ c(p{ti+i) for some t E [U - f^+i, U+i]). 

This, along with Lemma 4.22 and Remark 4.23, further yields that for all i ^J+2, 

sup P^ {d{Xt,x) ^ C(p(L+i) for some t E [ti — tj+i,ti+i\) 

d{z,x)^cip{tj^l) 

< P^ {d{Xt,x) ^ c<p(fi+i) for some t E [U - fj+i,L+i]) 

^ f 1 2fi-(_i L + tj+i \ , ti+i 

1 I 1 L+i L 
0(c(p(fi+i)) 

<P"(a, 

Therefore, there is a constant C > 0 such that for any z ^ j + 2, 

P^(kli n Aj) ^ CF^{Ai)F^{Aj). 

Having both conclusions above at hand, we can follow the argument of the zero- 
probability statement in Theorem 4.4 and obtain 

P(limsupHfc) = 1. 

Hence, the desired assertion follows from the fact that 

Ak C {d(X^,Xo) ^ ^{s) for some s G [4,4+i]}- 
The proof is complete. □ 


< 


log 


^2+1 

f- 


ti + t 


jr' + l 


[cp{ti+i)) 

-1 
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